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The investigation resul ts  have shown that the solution to the heat conduction problem in a 
double- layer  plate with t ime-var iab le  boundary conditions may be obtained numerical ly  
if the solutions to the problem at constant boundary conditions are  known. It is also shown 
that the method [8] is applicable for solving the problem on a nonstationary tempera ture  
field of the sys tem of bodies at  t ime-var iable  boundary conditions. 

A solution of the problem of a two-layered plate with the layer of [ower thermal  conductivity facing 
the heating medium and the free side of the other layer  assumed to be adiabatic is given in [1, 2]. In [3] 
the solution of [2] is extended to the case in which the heat input is on the side of g rea te r  thermal  con- 
ductivity and the f ree  side of the second layer  is adiabatic. The roots of the charac te r i s t ic  equation a re  
found, and the problem is solved completely. The solution and charac te r i s t ic  equation given in [4] a re  
identical with those in [3] except that only the special  case is treated in which the layer thicknesses are  
so small  that the solution can be limited to the f i rs t  few te rms  of the series.  

The resul ts  in [4] stating that in the case of a thin layer of thermal  insulation mater ia l  the t empera -  
ture distribution in the metal layer is a function of the time only enabled the authors of [5, 6] to solve the 
problem of the tempera ture  distr ibution along the insulation thickness. 

The solution of the problem of the tempera ture  field in a two-layered plate with heat t ransfer  at both 
boundaries is discussed in [7]. The solution and charac te r i s t i c  equation of [7] r eve r t  to those of [3] under 
the assumption of zero heat t r ans fe r  at one of the boundaries (BiII = 0). 

In all of the papers cited thus far,  however, special cases  of the problem of the nonstationary tem-  
perature  field in a two-layered plate have been investigated. 

In its mos t  general  context the problem for a two-layered plate with layer thicknesses 51 and 6 2 may 
be stated as follows: 

under the boundary conditions 
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Fig .  1. F u n c t i o n s  @ = f(Bi) d e t e r m i n e d  f r o m  
the p a r a m e t e r  F o  2 fo r  a poin t  on the s u r f a c e  of 
the  h i g h e r - t h e r m a l - c o n d u c t i v i t y  l a y e r ,  x / 6  i 
= 1; p = 0.1: 1) F o  2 = 0.0116; 2) 0.0348; 3) 0.058; 
4) 0.087; 5) 0.116; 6) 0.174; 7) 0.232; 8) 0.29; 9) 

0.406. 

We now show t h a t t h e  s t a t ed  p r o b l e m  can  be so lved  
by  the method  of [8], a c c o r d i n g  to which  the non-  
s t a t i o n a r y  t e m p e r a t u r e  f i e ld  of a t w o - l a y e r e d  p la te  
f o r  t i m e - v a r y i n g  func t ions  h i (~), t h (r),  tcl  (T), and 
tc2 (T) i s  e a s i l y  ob ta ined  if  the  so lu t ion  of the  p r o b l e m  
fo r  c o n s t a n t  b o u n d a r y  cond i t ions ,  i . e . ,  a so lu t i on  
of the  type  in [7], i s  known. 

The  d e t e r m i n a t i o n  of the  r o o t s  of the  c h a r a c -  
t e r i s t i c  equa t ion  in [7] i s  r e a d i l y  exped i t ed  wi th  p r e -  
s e n t - d a y  c o m p u t e r  t echn iques .  N e v e r t h e l e s s ,  a s  i t  i s  
on ly  n e c e s s a r y  to d e m o n s t r a t e  the  l e g i t i m a c y  of a p -  
p ly ing  the  method  of [8] to the  so lu t i on  of the t e m p e r a -  
t u r e  f i e ld  p r o b l e m  for  a t w o - l a y e r e d  p la te  unde r  t i m e -  
v a r y i n g  b o u n d a r y  cond i t i ons ,  we m e r e l y  use  the s o l u -  
t ion  of [3]. We  t h e r e f o r e  c o n s i d e r  the t e m p e r a t u r e  
f i e ld  p r o b l e m  for  a t w o - l a y e r e d  p la te  s u b j e c t  to t i m e -  
v a r y i n g  h e a t - t r a n s f e r  cond i t ions  a t  one bounda ry ,  c o n -  
s i d e r i n g  the s econd  b o u n d a r y  to be a d i a b a t i c .  

The  r e s u l t s  of a c a l c u l a t i o n  of the t e m p e r a t u r e  v a r i a t i o n  a t  i nd iv idua l  po in ts  of the  t w o - l a y e r e d  p la te  
by  the method  of [8] fo r  v a r i o u s  laws  g o v e r n i n g  the v a r i a t i o n  of the  b o u n d a r y  cond i t ions  a r e  c o m p a r e d  wi th  
e l e c t r o s i m u l a t i o n  (modeling)  da ta  fo r  the s a m e  p r o b l e m s  on a USM-1 ana log  c o m p u t e r  equipped  wi th  a 
s e c t i o n  fo r  a n a l o g  m o d e l i n g  of the t i m e - v a r y i n g  v a l u e s  of the  func t ion  h i (~-). 

We  c o n s i d e r  the  p r o b l e m  of the n o n s t a t i o n a r y  t e m p e r a t u r e  f i e ld  of t w o - l a y e r e d  p la t e s  c o m p o s e d  of a 
h igh ly  t h e r m a l - c o n d u c t i n g  m a t e r i a l  and an  i n s u l a t i o n  m a t e r i a l  wi th  the fo l lowing  p h y s i c a l  c h a r a c t e r i s t i c s :  
)q = 36.7 W / m .  deg;  ~2 = 0.227 W / r e .  deg; c I = 0 .46 .103  J / k g .  deg;  c 2 = 0.734 "103 J / k g .  deg;  "Yi = 802 kg 

/ m 3 ;  72 = 81.5 k g / m  3. 

The p la te  t h i c k n e s s e s  w e r e  c h o s e n  so  that ,  in the  no ta t ion  of [3], the  f i r s t  t w o - l a y e r e d  p la te  would 
have  p a r a m e t e r s  p = 0.1 and ~ = 0.01, c o r r e s p o n d i n g  to 61 = 0.181 m and 52 = 0.1 m.  The s econd  t w o - l a y e r e d  
p la te  had p a r a m e t e r s  p = 1.0 and ~ = 0.001, c o r r e s p o n d i n g  to 61 = 0.0181 m and 62 = 0.1 m. 

The m a t e r i a l s  and t h i c k n e s s e s  of the  l a y e r s  w e r e  e s p e c i a l l y  c h o s e n  to p e r m i t  the v a l u e s  g iven  in  
[3] f o r  the  r o o t s  of the  c h a r a c t e r i s t i c  equa t ion  to be used .  Howeve r ,  s i n c e  the r o o t s  of the  c h a r a c t e r i s t i c  
equa t ion  w e r e  found fo r  v a l u e s  of L = 1 / B i  ove r  r a t h e r  l a r g e  i n t e r v a l s ,  i t  i s  conven ien t  fo r  the  a n a l y t i c  
po in ts  to c o n s t r u c t  O = f(Bi) f r o m  the p a r a m e t e r  F o  2 so  a s  to be a b l e  s u b s e q u e n t l y  to d e t e r m i n e  ~ = f(Fo2) f r o m  
the  p a r a m e t e r  Bi a c c o r d i n g  to the  known v a l u e s  of @ fo r  f ixed  v a l u e s  of F o  2 (Fig.  3). 

The b o u n d a r y  and i n i t i a l  cond i t ions  fo r  the r e g i m e s  in  which  the  a n a l y t i c  v a l u e s  c a l c u l a t e d  by  the 
me thod  of [8] w e r e  c o m p a r e d  wi th  the e l e c t r o s i m u l a t i o n  da ta  a t  i nd iv idua l  poin ts  of the  two t y p e s  of t w o -  
l a y e r e d  p l a t e s  a r e  g iven  in  T a b l e  1. The r e s u l t s  of a c o m p a r i s o n  of the  t e m p e r a t u r e  v a r i a t i o n s  ob ta ined  
a t  c e r t a i n  poin ts  of the  t w o - l a y e r e d  p l a t e s  by  the a p p r o x i m a t e  n u m e r i c a l  me thod  and e l e c t r o s i m u l a t i o n  on 

the USM-1 a r e  g iven  in  T a b l e  2. 

T A B L E  1. S u m m a r y  of B o u n d a r y  and In i t i a l  Condi t ions  in  the  
A n a l y z e d  R e g i m e s  

o Heat-transfer intensity 
�9 ~.llaw, Bil = f (Fo2)  

1 Bi= 0,1 exp(3Fo2) 
2 Bi= exp (3Fo~) 
3 Bi :O,1 exp (3Foe) 
4 Bi= exp (3Fo2) 
5 Bi= exp (3Fo~) 
6 Bi = 0,1 exp(3F%) 
7 B i :  exp(3Fo~) 
8 Bi= 0,1 exp (3Foz) 
9 Bi = 0,1 exp (3FoQ 

Lawo t mpe a ureva ation of the 
medium, tct= 9 (Fo2) o ~ ,-" m,..' 

o~.~ :,... ~ 

tc = 120 --  60 exp (-- 4Fo~). 
tc = 120 --  60 exp (-- 4Fo,) 
te = 1000 [1 --  exp (-- 0,5Fo2)] + t  o 
tc = 1000 l1 --  exp (-- 0,5Fo~)] + to 
tc = tO [3 Fo2 + exp (3Foz)] 
te = t o [3Fo, + exp (3Fo~)] 
te = 473 ~ 
t c = 120 --  60 exp (-- 4Foi) 
te = 450 ~ 

1,0 0, I 289 
0,667 O,l 289 
1,0 0, I 298 
0,667 0,1 298 
0,667 1 0,1 323 
1,0 0,1 323 
0,667 0, I '273 
0,33 I 1,0 289 
0,6671 1,0 35O 
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We recal l  that, as shown in [8], the tempera ture  variat ion at any point of a body under variable 
boundary conditions can be obtained as the sum of the solutions (subscript f = "fixed") 

(Bi, Vo2)l[ ~  = ~ ( B i .  Vo~) + ~ (Si2, Vo~) 
0<:Fo2a:Fos (A'0 Fo2 (m:l f <:Fo~,CFo s('~l f+A'0 

+ O(Bi a, Fos) + . . .  + O(Bin,-Fo~) 
Fo. ('t'~ f "r "~ Fo. ('~2 f ~-a'~) Fo. ("(n_l) f ) --Fo.'Fo. ('~(n_,) f'4-A'~ ) . (3) 

if the functions Bi = f0") and t c = ~(r) a re  replaced by piecewise step functions and the lower limits of Fo 2 
in each interval of constant Bim a re  determined f rom the conditions guaranteeing continuous differentiabili ty 
of the solution. 

A detailed sample calculation of the tempera ture  var ia t ion  at the point x/61 = 1.0 in regime 1 of Table 
1 is presented in Table 3. 

The replacement  of the continuous functions Bi = f(T) and [tc(~ ) - to] by piecewise step functions for  
unequal intervals  of constant Bi m and (t c - to) makes it possible in cer tain zones to obtain a more  com-  
plete picture of how the variat ions of Bi and t c a re  taken into account in the solution of the problem. 

F rom the quantity | at the end of each conditional interval of constant Bim and (tci - to) we de te r -  

mine the value of the tempera ture  at the analytic point at given t imes (see Table 2) as 

t = 6~e(tr i - -  to) + t o . 

Simultaneously we find the tempera ture  values obtained at the analytic points by modeling of the problem 
on an analog computer  according to the relat ion 

tM = u A t W  - to.) + to .  

An analysis  of the resul ts  given in Tables 2 and 3 permits  us to state that the method described in [8] 
for  the approximate numerical  solution of the problem of the nonstat ionary tempera ture  field under t ime-  
varying boundary conditions is also applicable to the calculation of the tempera ture  field of a sys tem of 
bodies when solutions have been found for  the problem under constant boundary conditions. 

ai = ~i/elT1, 
a s = ~ / c 2 ~ / z  
h i (r) = al  if)/Xl, 

tcl (m'), re2 (~') 

p = C27252/Ci'YiSi; 

Bi = hi61 

U M 
m a x  

t c 
to 

N O T A T I O N  

are  the thermal  diffusivities of the high- and low-thermal-conduct ivi ty  layers;  

a re  the hea t - t r ans fe r  coefficients at the boundaries of the high- and low-conductivity 
layer s; 
a re  the tempera ture  of medium at the side of highly heat-conducting and less heat-  
conducting layers ;  

is the interval of constancy of Bim and tcl; 
is the Four ier  cr i ter ion;  
is the Blot cr i ter ion;  
is the potential measured at an analytic point of the model at cer tain t imes;  
is the maximum tempera ture  of the medium in the investigated problem; 
is the initial tempera ture  of the body. 
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